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INTRODUCTION
 .Suppose that l is a partition, l s l , . . . , l , that d is a positive1 n
integer, and that m is the partition obtained from l by taking d boxes
away from some row of l and attaching them to some higher row
 .assuming that we still obtain a partition , i.e.,
m s l , . . . , l q d, . . . , l y d, . . . , l . .1 k kqj n
A standard question in modular representation theory is: What is the
i .  .  . Zr p -dimension of the Zr p -vector space Ext K , K ? The bars overA l mr
the modules indicate the reduction of these modules modulo p; the other
.notation is explained below. These numbers are called intertwining num-
bers.
The attempts to determine these intertwining numbers are varied. One
approach is suggested by the following special case of a theorem found in
w xAB1 :
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 .Let M and N be integral polynomial representations of Gl F of degree r,
let p be a prime, and let A be the integral Schur algebra of degree r. Denoter
 .  .  .by X the Zr p -module -algebra X m Zr p . Then we ha¨e the exactZ
sequence
i i0 ª Ext M , N m Zr p ª Ext M , N .  .  .A Ar r
ª Tor1 Ext iq1 M , N , Zr p ª 0. .  . .Z A r
From this exact sequence, we see that it suffices to calculate the integral
Ext groups, since the modular ones are simply the p-torsion part of one
integral Ext plus the reduction modulo p of another.
A fairly straightforward argument shows that it is enough to consider the
case where we take d boxes from the last row and attach them to the first
one. Of course, straight homological algebra tells us that we merely have
to find a projective resolution, P, of K over A , and then simply calculatel r
 . the cohomology of Hom P, K . The notation K indicates the WeylA m lr
.module associated to the partition l.
w xIn AB1 , it was proven that K admits a finite projective resolutionl
whose terms are direct sums of tensor products of divided powers suitable
.tensor products of divided powers are A -projective . Moreover, it wasr
 .shown that, if a s a , . . . , a is an integral weight of degree r, then1 n
 .Hom D m ??? m D , N is the weight submodule of the representationA a ar 1 n
N corresponding to the weight a . Therefore, in our case, with N s K , them
 .calculation of Hom P, K comes down to the calculation of certainA mr
weight submodules of K . That this is computable is due to the fact thatm
the weight submodule of K is the free abelian group generated by them
standard tableaux of shape m and content a .
 .Now we know that Hom P, K is a complex of free abelian groups,A mr
and that its cohomology is torsion since over the rationals the cohomology
.  .is zero . If we write down the maps in Hom P, K as integral matrices,A mr
elementary arguments show us that the cohomology groups are deter-
mined by the invariant factors of those matrices the non-zero invariant
.factors . To calculate those matrices, we must know the maps in the
projective resolution P. The problem of exhibiting such resolutions with
their maps is still very much an ongoing one.
However, we can momentarily avoid the problem of exhibiting these
resolutions if we are willing to just study the intertwining numbers for
 .i s 0, that is, if we just want to study the dimension of Hom K , K . ForA l mr
in this case, as already observed, we need only calculate the p-torsion of
1  .  .Ext K , K the corresponding Hom group is zero , and from theA l mr
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 .remarks above about the nature of the cohomology of Hom P, K , itA mr
suffices to know a presentation of K . And this we do know, thanks to thel
proof of the Standard Basis Theorem.
For two-rowed shapes and arbitrary d, the problem was solved many
w xyears ago by Akin and Buchsbaum AB2 . In that same article, the integral
matrix whose invariant factors have to be computed was written down
explicitly. It was conjectured, but not yet proven, that the Ext group was
w xcyclic. In 1991, D. Flores proved that it was indeed cyclic F , and we then
started to look for the highest invariant factor of the integral matrix. This
article describes this invariant factor, and proves the validity of the
description.
In Section 1, we write down the basic matrix that we have to work with,
and perform a number of elementary operations on it in order to make the
invariant factors a bit easier to find.
w xIn Section 2, we recall some of the results in F on the lower invariant
factors, and prove a number of results that help us sharpen our hold on
the description of the highest invariant factor. In Section 3, we state and
 .prove the main theorem Theorem 3.1 . The reader will probably find the
formula, which is the heart of the theorem, a somewhat strange one. It
was, to be sure, not one that leapt to the eye. In fact, it was one that
suggested itself only after a great deal of exploration by mind and ma-
chine. By ``machine,'' we mean the use of the computer, which, by means
of Maple, gave us numerous examples it would have been nearly impossi-
 .ble to do correctly by hand.
1. THE BASIC MATRICES
The matrix whose invariant factors we must calculate depends on the
 .three parameters s , s , and d s , s non-negative, and d positive and is1 2 1 2
defined recursively as
s q 2 s q 11 2M s , s , 1 s , .1 2  /y1 1
0 ??? 0
<M s , s , d s A B , .1 2 d d ;M s , s q 1, d y 1 .1 2
 .where A is the d q 1 = d matrix defined byd
s q d q j y i q 1iy1 1dA s a , a s y1 , .  .d i j i j  /  /i y 1 j y i q 1
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i.e.
s q d q 2 s q d q 3 s q 2 d¡ ¦1 1 1s q d q 1 ???1  /  /  /2 3 d
s q d q 1 s q d q 2 s q 2 d y 1d d d d1 1 1y y y ??? y /  /  /  / /  /  /1 1 1 11 2 d y 1
s q d q 1 s q 2 d y 2d d d1 1A s ,0 ???d  /  /  / /  /2 2 21 d y 2
. . . . .. . . . .. . . . .
ddy10 0 0 ??? y1 .¢ § /d
 .and B is the d q 1 = d matrix defined byd
s q j2dB s b , b s , .d i j i j  /  /i y 1 j y i q 1
i.e.,
¡ ¦s q 2 s q 3 s q d2 2 2s q 1 ???2  /  /  /2 3 d
s q 2 s q 3 s q dd d d d2 2 2??? /  /  /  / /  /  /1 1 1 11 2 d y 1
B s .s q 3 s q dd d d d2 20 ??? /  /  / /  /2 2 21 d y 2
. . . . .. . . . .. . . . .
d0 0 0 ???¢ § /d
As it stands, this matrix, and hence, also, its invariant factors, is a bit
opaque. We shall carry out a few elementary column transformations to
bring it to a form which, while not transparent, is at least tractable.
s q d q 11 .If we multiply the first column of A by y and add it to thed 1
s q d q 1 d1  .  . .second column, the second column becomes y , 0, , . . . , 0 .2 2
Assume, then, that by elementary column transformations we have trans-
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formed the matrix A to the formd
¡ s q d q 1s q d q 1 s q d q 1 jy2 11 1y ??? y1 . /  /  /j y 11 2
dy 0 ??? 0 /1
d0 ??? 0 /2
.0 0 ??? ..
djy1y1 .  /j y 1
. . . .. . . .. . . .
0 0 ???¢
0 0 0 0
¦s q d q j s q 2 d1 1???  / /j d
s q d q j y 1 s q 2 d y 11d d 1y ??? y /  /  / /1 1j y 1 d y 1
s q d q j y 2 s q 2 d y 21d d 1??? /  /  / /2 2j y 2 d y 2
. . .. ??? .. .
s q d q 1djy1 1y1 ??? .  /  /j y 1 1
djy1 ??? .  /j
dy1 d0 ??? y1 . § /d
ky1 s q d q j y k1 .  .Then multiplying the k th column by y1 for k s 1, . . . ,j y k
j y 1, and adding the sum of these products to the jth column, we see that
j d .  .all the terms in the rows 2 to j in the jth column vanish, the term y1 j
in row j q 1 does not change, and the term in the first row becomes
jy1 s q d q 11 .  .y1 .j
To obtain this last result, we are using the following fact about binomial
yx .  .coefficients: if x is any integer positive, negative, or zero , then sk
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k x q k y 1 .  .y1 for any non-negative integer, k. Thusk
jy1 s q d q j y ks q d q 1k 11y1 .  /  /j y kkks1
jy1 y s q d q 1 .s q d q 1j 11s y1 .   /  /j y kkks1
j y s q d q 1 .s q d q 1j 11s y1 .   /  /j y kkks0
s q d q 1y s q d q 1 . 11y y 5 / / jj
s q d q j s q d q 1jy11 1s 0 y q y1 . . /  /j j
As a result, we see that the matrix A can be reduced to the formd
¡ ¦s q d q 1 s q d q 1dy11 1s q d q 1 y ??? y1 .1  /  /2 d
dy 0 ??? 0 /1
A s .dd 0 ??? 0 /2
. . . .. . . .. . . .
d d0 0 ??? y1 .¢ § /d
Similar column transformations and facts about the binomial coeffi-
cients reduce the B matrix to the formd
¡ ¦s q 2 s q ddy12 2s q 1 y ??? y1 .2  /  /2 d
d 0 ??? 0 /1
B s .dd 0 ??? 0 /2
. . . .. . . .. . . .
d0 0 ???¢ § /d
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By adding to the jth column of B the jth column of A multiplied byd d
jy1 .y1 , the block B takes the formd
a H ??? H2 d
0 0 ??? 0XB s ,. . .d . . ??? .. . . 0
0 0 ??? 0
s q d q 1 jy1 s q j1 2 .  .  .where a s s q s q d q 2, and H s q y1 . Sincej j1 2 j
j y s q 1 .a 2H s ,j  /  /l j y lls1
we reduce BX , by column transformations, tod
a q 1 a q d y 1
a ??? /  /2 d
Y 0 0 ??? 0B s .d . . .. . ??? .. . . 0
0 0 ??? 0
If we let
a a q 1 a q d y 1
a s s gcd a , , . . . , ,d  5 /  /2 d 4gcd a , lcm 1, . . . , d .
we may reduce the matrix BY , by column transformations, to the matrixd
a 0 ??? 0d
0 0 ??? 0ZB s .. . . .d . . . .. . . . 0
0 0 0
It need only be observed here that the usual elementary transformations
that replace the terms in the top row by their greatest common divisor
.preserve the zeroes in the lower rows.
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Also, if to the last column of each block A , j s 0, . . . , d y 2, we adddy j
the last column of A , each block A takes the formdy jy1 dyj
s q d y j q 1¡ ¦s q d y j q 1 1dy jy11s q d y j q 1 y ??? y1 . .1  /  /d y j2
s q d y j1dy jy d y j 0 ??? y1 .  .  /d y j y 1XA s .dy j
d y j
0 ??? 0 /2
. . . .. . . .. . . .¢ §
0 0 ??? 0
We should note that when j s d y 2,
s q 31s q 3 y .1X  /2A s .2  0y2 s q 2 .1
s q 2 s q 1 s q 2 a1 2 1 .Thus, we see that M s , s , 1 s becomes , that1 2  /  /y1 1 y1 0
 .M s , s , 2 becomes1 2
s q 31s q 3 y a 0 0 01 2 /2 ,
y2 s q 2 0 0 s q 2 a1 1 0
0 0 0 0 y1 0
etc.
The first thing to notice is that we have converted our matrix
0 ??? 0
<M s , s , d s A B .1 2 d d ;M s , s q 1, d y 1 .1 2
into one that has all zeroes in the bottom row but for one y1 in the
X .column which contains the unique column of A , and we have many1
columns consisting entirely of zeroes. Thus, as we are interested only in
the invariant factors, we may as well concede that the first invariant factor
is 1, throw the bottom row away, throw away the columns consisting
exclusively of zeroes, and compute the invariant factors of the resulting
matrix. We also notice that the three parameters that become evident are
a , s, and d, where a and d are positive integers, s is a non-negative
integer, and a ) s q d q 1.
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Taking all this into account, we make the following definitions:
s q 3
a 0 s q 3 y2  /N a , s, 2 s 2 .  00 a y2 s q 2
and, inductively,
¡ s q d q 1
a s q d q 1 y ???d  /2
d0 y 0 ??? /1
d.N a , s, d s . .  /. 2
.0 ..
dy1 d0 0 ??? y1 .¢  /d y 1
¦dy1 s q d q 1y1 0 0 ??? 0 .  /d
dy2 s q dy1 N a , s, d y 1 .  . /d y 1 ,
0
... §
0
where a and d are positive integers, s is a non-negative integer, and
a ) s q d q 1. Recall that
a a q 1 a q d y 1
a s s gcd a , , . . . , ,d  5 /  /2 d 4gcd a , lcm 1, . . . , d .
 4 ¨ jand that the least common multiple of 1, . . . , d is q , where the q runj i
w  .x w x .through all primes less than or equal to d, and ¨ s log d A-B2 . It isj q j
d q 2 .  . 4easy to see that for d G 2, N a , s, d is a d = y 2 matrix.2
The foregoing discussion tells us that the first invariant factor of
 .  .M s , s , d is 1, and the kth invariant factor of M s , s , d , for k ) 1, is1 2 1 2
 .  . the k y 1 st invariant factor of N a , s, d where a s s q s q d q 2,1 2
.s s s , and d is as before .1
 .It is sometimes convenient to view the matrix N a , s, d as
0 ??? 0X<N a , s, d s a A . . d d ;N a , s, d y 1 .
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We will also find it useful to work with the following matrices:
Let
AX s, d .
s q d q 1 s q d q 1 s q d q 1dy2 dy1¡ ¦s q d q 1 y ??? y1 y1 .  . /  /  /2 d y 1 d
d s q ddy2y 0 ??? 0 y1 . /  /1 d y 1
ds .0 ??? 0 0 /2
. . . . .. . . . .. . . . .
ddy10 0 0 y1 0 .¢ § /d y 1
Define
AX s, d 0 ??? 0 .
. X. A s, d y 1 ??? 0 ..A s, d s , . . . .. . ??? .. . . 0X0 0 ??? A s, 2 .
and
a 0 ??? 0d
0 a ??? 0dy1B a , d s . . . . . .. . . .. . . . 0
0 0 ??? a
We see that after a column permutation, we have
 :N a , s, d s A s, d B a , d . .  .  .
2. TOWARD A DESCRIPTION OF THE HIGHEST
INVARIANT FACTOR
Throughout the remainder of this paper, we will be using the main
w xresult found in F, Theorem 1 , namely:
 .THEOREM 2.1. For r s 1, . . . , d y 1, the rth in¨ariant factor of N a , s, d
is equal to 1.
 w xThe statement and proof in F are in reference to the matrix
 .  .M s , s , d , but the remarks following the definition of N a , s, d provide1 2
.the necessary translation.
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 .LEMMA 2.2. The d = d minors of the matrix A s, d , defined abo¨e, are
zero.
Proof. For d s 2, we have the matrix
s q 3s q 3 y  /2
A s, 2 s . .
s q 2y2 0 /1
 .Multiplying the first column by s q 2 r2 and adding it to the second
column, we get
s q 3 0 . /y2 0
This proves the lemma for d s 2.
Now suppose d ) 2. For 2 F j F d y 1, we consider the jth column of
X .  . X .A s, d and the j y 1 st column of A s, d y 1 :
0
s q d q 1jy1 s q dy1 . jy2 /j y1 .  /j y 1
0 0.. .. ..0 and .0
dj d y 1y1 . jy1 /j y1 .  /j y 1
0 0.. .. ..0 0
If we multiply the second column by drj and add it to the first, the first
X .column, i.e., the jth column of A s, d , becomes
s q d q 1jy1y1 .  /j
d s q djy2y1 .  /j y 1 .j
0
...
0
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X .Now, the first column of A s, d is
s q d q 1
yd
0
...
0
s q d q 1 s q d .  .w . .xand s s q d q 1 1rj for 2 F j F d y 1. Hence, if wej j y 1
jy2 s q d . w . .xmultiply the first column by y1 1rj , and add it to the modi-j y 1
fied jth column, this column is reduced to zero. Finally, adding to the last
X dy2 s q d .  . w . .xcolumn of A s, d its first column multiplied by y1 1rd , wed y 1
X .reduce the block A s, d to the block
s q d q 1 0 ??? 0
yd 0 ??? 0
0 0 .. .. .. . 0
0 0 ??? 0
X .Repeating this procedure with each one of the blocks A s, d y i for
 .i s 1, . . . , d y 3, we reduce the matrix A s, d to a matrix which has only
d y 1 columns not consisting exclusively of zeroes. This completes the
proof of the lemma.
 .COROLLARY 2.3. The non-zero minors of order d of the matrix N a , s, d
are of the form
a
X X
D s a D s D , i s 1, . . . , d ,i  / 4gcd a , lcm 1, . . . , i .
X  .where D is a suitable non-zero minor of order d y 1 of N a , s, d .
Proof. By the lemma, every non-zero d-minor contains at least one
 .column from B a , d .
w x  .THEOREM 2.4 F, Theorem 2 . If d s d a , s, d is the gcd of the maxi-
 .mal minors of N a , s, d , then d di¨ ides a .
 .Proof. We should first introduce the notation: O X denotes thep
p-order of X. Let p be a prime dividing d , and let the p-order of d be u.
X  .By Theorem 2.1, there exists a minor D of N a , s, d of order d y 1,
such that p does not divide DX. Let i be the index of the row not included
among the rows of DX, and let D be the maximal minor obtained from DX by
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 .  .adjoining the ith row of N a , s, d and the ith column of B a , d . Then
a
X X
D s a D s D .dy  iy1.  4gcd a , lcm 1, . . . , d y i q 1 .
Since pu divides d , pu divides D. But p does not divide DX, so pu divides
a .
 .  .COROLLARY 2.5. Let d a , s, d be the dth in¨ariant factor of N a , s, d .
Then
a
d a , s, d s , . u u1 rp ??? p1 r
 4    4..where p g 1, . . . , d and u F O gcd a , lcm 1, . . . , d .i i p i
 . uProof. Let d a , s, d s arh. What we want to show is that if p
u u   4divides h, then p divides a and p F d see description of lcm 1, . . . , d
.above .
Clearly, if pu divides h, then pu divides a . So we must show that
u  .p F d. To this end, let us write a s t a s t arp , where p isi i d i
  4.gcd a , lcm 1, . . . , d . We will also set D s r d , for every d-minor D ofD
 .N a , s, d .
From Corollary 2.3, we see that D s t a DX, where DX is a suitablei d
 . Xnon-zero minor of order d y 1 of N a , s, d . Thus, pD s a t D , and thisi
 . X Xgives us pD s p r d s p r arh s a t D . Hence, p r s ht D .D D i D i
Suppose now that pu divides h, and that pu ) d. We may choose a
d-minor D such that p does not divide r . From the fact that p r s ht DX,D D i
we see that pu divides p . However, from the definition of p , this is
impossible.
Our program now is to determine the prime powers pu that occur in h.
As a first, very crude indication of how these primes may be discovered, we
have the following proposition.
PROPOSITION 2.6. If p is a prime such that pr di¨ ides a , and D is a
 r .d-minor of the form D s arp k t for some integers k and t, where p does not
di¨ ide t, then pr di¨ ides h.
 r .  r .   u1Proof. If D s arp k t, we have arp k t s D s r d s r ar p ???D D 1
ur .. ui rp . Thus,  p t s r p k, and the rest is clear.r i D
As a partial converse to the above, we have the following:
 .PROPOSITION 2.7. Let p be a prime, and let O a s r. If p di¨ ides h,p
 rX . Xthen there exists a d-minor D of the form D s arp k t for some r F r, such
that p does not di¨ ide t or k.
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Proof. If for each rX, rX F r, there is no d-minor of D of the form
 rX .  .D s arp k t, such that p does not divide t or k, then by Corollary 2.3
r r  .  .p divides D for all D. This tells us that p divides d so that O d G O ap p
 .and hence equal . Therefore, p does not divide h.
The above results indicate what we must focus on in order to describe
the prime factorization of h.
PROPOSITION 2.8. If p is a prime such that for some r, pr di¨ ides a and
r w . x  .p F d q 1 r2 , then there exists a d-minor D in N a , s, d of the form
a
D s X t ,rp k
where k and t are integers not di¨ isible by p, and where
 4 XO gcd a , lcm 1, . . . , d G r G r . . . .p
Proof. Let l s 2 pr y 1. Then l F d. We observe that p does not divide
ly1 l . . In fact,is1 i
r 2p y1l r2 p y 1l s  /  /i jis1 js1
and
j
r rO 2 p y i s O 1 2 ??? j , for j - p y 1. .  .p p /is1
2 p r y 1 r .So p does not divide for j s 1, . . . , p y 1. Therefore p does notj
ly1 l .  .divide  . Hence in N a , s, l , we have the l-minoris1 i
ly1
lX
D s a .l  /iis1
r  . r  4 rNow, p s l q 1 r2, so p g 1, . . . , l , and l - 2 p . Therefore,
   4.. X  r .O gcd a , lcm 1, . . . , l s r. Hence, D s arp k t, and p does not dividep
k or t.
If l s d, we have proven the proposition. If l - d, we assume, induc-
 . X  .tively, that there exists a d y 1 -minor D in N a , s, d y 1 of the form
a
X
D s X t ,rp k
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   4.where p does not divide k or t, and where O gcd a , lcm 1, . . . , d y 1p
X s q d q 1 4  .G r G r. Now, if for some i g 1, . . . , d , p does not divide , thei
d-minor
¡ ¦iy1 s q d q 1y1 0 ??? ??? 0 .  /i
0
...
X0 D
D s
i dy1 .  /i
0
...¢ §
0
 rX .has the form D s arp k t, where p does not divide k or t, and
   4. XO gcd a , lcm 1, . . . , d G r G r. In this case, the proposition is proven.p
s q d q 1 .  4Suppose now that p divides for all i g 1, . . . , d . Then wei
 . X  .know, by Theorem 2.1, that there exists a d y 1 -minor D in N a , s, d ,
which does not contain the first row, such that p does not divide DX. Hence
X  rX .the d-minor D s a D has the form D s arp k t, with p not dividing kd
   4.. Xor t, and O gcd a , lcm 1, . . . , d s r G r.p
From this result, and Proposition 2.6, we immediately obtain the follow-
ing corollary:
COROLLARY 2.9. If p is a prime such that for some r, pr di¨ ides a and
r w . x rp F d q 1 r2 , then p di¨ ides h.
Let us now consider the particular case when d itself is a power of a
prime.
THEOREM 2.10. Let p be a prime, let d s pr, and suppose that d di¨ ides
a . Then there exists a d-minor D of the form
a
D s t ,rp k
where p does not di¨ ide k or t, if and only if d di¨ ides s q d q 1.
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Proof. The proof proceeds most easily if we first prove the following
lemma:
LEMMA 2.11. If p is a prime and pr does not di¨ ide s q pr q 1, then p
di¨ ides
r s q prs q p y 1 q 1 .
s .rr  / / / p y 1 .p y 1 .
Proof. Since pr does not divide s q pr q 1, pr does divide s q pr q
 r 41 y j for some j g 1, 2, . . . , p y 1 . Now
r s q pr q 1 y 1 ??? s q pr q 1 y j y 1 .  . .s q p
sr /p y 1 . 1 ? 2 ??? j y 1 .
=
s q pr q 1 y j s q pr y j ??? s q 2 .  .  .
.rj p y 1 ??? j q 1 .  .
Looking at the first and third factors of the triple product above, and
comparing terms in the numerator and denominator, we have
O i s O s q pr q 1 y j y i ,i s 1, . . . , j y 1; .  . .p p
O s q pr q 1 y j y k s O pr y k , k s 1, . . . , pr y j q 1 . .  .  .p p
Finally, we have
O s q pr q 1 y j s r ) O j , .  .p p
since j - pr. This completes the proof of the lemma.
Returning to the proof of the theorem, we assume that pr divides
r r  .  .s q p q 1. Then p divides s q 1, which implies O k s O s q 1 q k ,p p
k s 1, . . . , pr y 1. Therefore
s q pr y j q 1
' 1 mod p .r /p y j
for j s 1, . . . , pr y 1.
rConsider the d-minor, D, whose columns are l, l , . . . , l henceforth1 p y1
w x.  .rdenoted by D s l, l , . . . , l , where l is the first column of B a , d ;1 p y1
i.e., l is the column
ad
0
,...
0
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and
0
...l sj 0
Xl j
X X r . rwith l the last column of A s, p y j for j s 1, . . . , p y 1. Soj
pry1 r as q p y j q 1
D s "a s t , rd r /p y j p kjs1
where p does not divide k or t.
Suppose now that pr does not divide s q pr q 1. By Lemma 2.2, every
 .non-zero d-minor must contain at least one column of B a , d . Since
  4.O a , lcm 1, . . . , d y j - r, for j G 1, we have that p divides a forp i
 r .i s 1, . . . , d y 1. So a d-minor of the form D s arp k t must contain
 .only the first column of B a , d and therefore it has the form D s
 r . X X  .  .arp k D , where D is a d y 1 -minor of A s, d lying below the first row.
X  .Since D is not zero, it cannot lie completely inside of A s, d y 1 . Recall
that
AX s, d .
s q d q 1 s q d q 1 s q d q 1dy2 dy1¡ ¦s q d q 1 y ??? y1 y1 .  . /  /  /2 d y 1 d
d s q ddy2y 0 ??? 0 y1 . /  /1 d y 1
ds .0 ??? 0 0 /2
. . . . .. . . . .. . . . .
ddy10 0 0 y1 0 .¢ § /d y 1
d .Since the binomial coefficients which appear are all divisible by p, andj
s q d X .since by the lemma, is divisible by p, we see that D is divisible by p.d y 1
The last two results do not give us the whole story yet, but they are
 .  .sufficient to describe d a , s, 2 and d a , s, 3 .
 4If d s 2, the only power of a prime in the set 1, 2 is 2. By the last
 .result, we know that if 2 divides a , there exists a 2-minor in N a , s, 2 of
 .the form D s ar2k t, with t and k both odd, if and only if 2 divides
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s q 3. Hence
a
d a , s, 2 s . .
gcd a , s q 3, 2 .
w xThis result was originally obtained in AB2 .
If d s 3, the powers of primes to be considered are 2 and 3. Since
 .2 s 3 q 1 r2, we know by Corollary 2.9 that if 2 divides a , and if we
 .write d a , s, 3 s arh, then 2 divides h.
Now if 3 divides a , we know there exists a 3-minor of the form
 .D s ar3k t, with neither t nor k divisible by 3, if and only if 3 divides
s q 4. Hence,
a 1
d a , s, 3 s . .
gcd a , s q 4, 2 ? 3 gcd a , s q 3, 2 .  .
Thus far, for the integers d s 2, 3, we have not encountered the prob-
w . xlem of having primes different from d and exceeding d q 1 r2 . For
2 w . xd s 4, however, we have 2 ) 4 q 1 r2 s 2, and unfortunately, the
results of Corollary 2.9 and Theorem 2.10 do not tell us how to proceed. So
we must explore in more detail how to handle those powers of primes
w . xwhich exceed d q 1 r2 , when d ) 3.
3. STATEMENT AND PROOF OF MAIN THEOREM
At the end of Section 2, we saw that we must still deal with those powers
w . x rof primes which exceed d q 1 r2 . For such powers of primes p , we
r w . xhave p s d y k for some k such that k F d y 1 r2 . The crucial role
that these primes play can be seen from the following expression for
 .d a , s, d , which is the main result of this paper.
 .THEOREM 3.1. The highest in¨ariant factor of the matrix N a , s, d is
w . xdy1 r2a g a , s q d y k q 1, k .
d a , s, d s , . 
g a , s q d q 1, d g a , s q d y k q 1, d y k .  .ks1
 .   44where g u, ¨ , w s gcd u, ¨ , lcm 1, . . . , w .
The formula as it stands is a little daunting. Therefore, before complet-
ing its proof, we will look at the situation when d s 4, and d s 5. When
we look at these special cases we will assume the truth of Theorems 3.2
.and 3.3 where needed.
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 4 2If d s 4, the powers of primes in 1, 2, 3, 4 are 2, 3, and 4 s 2 . Now
2  2 .d s 4 s 2 , so if 4 divides a , there exists a 4-minor D s ar2 ¨ t, with ¨
 .and t odd if and only if 4 divides s q 4 q 1 by Theorem 2.10 .
w . xNow 3 ) 4 q 1 r2 , and 3 s 4 y 1, so if 3 divides a , there exists a
  ..4-minor D s ar 3 ? ¨ t, with 3 not dividing ¨ or t, if and only if 3 divides
 4  .s q 4 y j q 1 for some j g 0, 1 , i.e., if and only if 3 divides s q 4 q 1
 .  .s q 3 q 1 by the result which follows . Hence
a
d a , s, 4 s .  4gcd a , s q 4 q 1, lcm 1, . . . , 4 .
=
1
. 4gcd a , s q 3 q 1, lcm 1, 2, 3 .
Now we consider the case when d s 5. The powers of primes in
 4 21, 2, 3, 4, 5 are 2, 3, 2 , and 5. Here d s 5, so if 5 divides a , there exists a
  ..5-minor D s ar 5 ? ¨ t, with neither t nor ¨ divisible by 5, if and only if
5 divides s q 5 q 1.
2  2 .As for 2 , we see that is 5 y 1, so there exists D s ar2 ¨ t, with ¨ and
2  4t odd if and only if 2 divides s q 5 y j q 1, j g 0, 1 , which is equivalent
to 22 divides s q 5 q 1, or 22 divides s q 4 q 1.
  ..And finally, 3 s 5 y 2 implies that there exists D s ar 3 ? ¨ t, with 3
not dividing ¨ or t, if and only if 3 divides s q 4 y j q 1 for some
 4  . .j g 0, 1, 2 , which is equivalent to 3 divides s q 5 q 1 s q 4 q 1 s q
.3 q 1 .
We might expect from this analysis that
a
d a , s, 5 s .  4gcd a , s q 5 q 1, lcm 1, . . . , 5 .
=
1
 4gcd a , s q 4 q 1, lcm 1, 2, 3, 4 .
=
1
. 4gcd a , s q 3 q 1, lcm 1, 2, 3 .
However, if 22 divides a and 22 divides s q 5 q 1, then we know that 2
 .divides a and 2 divide s q 3 q 1; therefore if we write d a , s, 5 s arh,
3  .we have that 2 divides h. But by Corollary 2.5, we know that O p F2
  4.O a , lcm 1, 2, 3, 4, 5 s 2, so we need to add a correction factor. That2
  4.factor is precisely gcd a , s q 3 q 1, lcm 1, 2 , as given by our main theo-
rem, Theorem 3.1.
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The two examples above give a little of the flavor of the kinds of
divisibility properties of the minors that we have to establish. These
properties are studied in the following two theorems.
r wTHEOREM 3.2. If p is a prime such that for some r, p s d y k, k F d
. x r  4y 1 r2 , and p di¨ ides both a and s q d y j q 1 for some j g 0, 1, . . . , k ,
 .then there exists a d-minor D in N a , s, d of the form
a
D s t ,rp ¨
where p does not di¨ ide ¨ or t.
r w . xProof. We observe that d s p q k, with k F d y 1 r2 , implies that
r   4. rd - 2 p . Hence O lcm 1, . . . , d s r. So a s arp ¨ , where p does notp d
divide ¨ .
The proof will proceed by induction on d G 3 and k G 1, since we have
proven the theorem when d s 2 and, in general, for k s 0. From the
comments at the end of Section 2 as well as from the general case k s 0,
we know the theorem is true when d s 3. So we assume d ) 3 and the
theorem is true for d y 1.
If pr di¨ ides s q d y j q 1, and j / 0, by the induction hypothesis there
 . X  .exists a d y 1 -minor D in N a , s, d y 1 such that
a
X X
D s t ,Xrp ¨
X X  4where, as usual, p does not di¨ ide ¨ or t . If for some i g 1, . . . , d , p does
s q d q 1 .not divide , theni
s q d q 1 0 ??? 0 /i a
D s s t ,) rp ¨. X. D 0.
)
where p does not divide ¨ or t.
s q d q 1 .  4If p does divide for all i g 1, . . . , d , then by Theorem 2.1,i
 . X  .there exists a d y 1 -minor D in N a , s, d , which does not contain the
INTERTWINING NUMBERS 625
first row, such that p does not divide DX. Then
a ) ??? )d
a0
D s s t ,. X r. D p ¨. 0
0
where p again does not divide ¨ or t.
r Let us suppose now that p divides s q d q 1 i.e., the integer j in the
.above discussion is 0 . In that case, p does not divide s q d y j q 1 for
X .j s 1, . . . , p y 1. So, in each block of A s, d y j , j s 1, . . . , p y 1, we
have a column
cj
)l sj ...
)
 .such that p does not divide c . Now if d y p - p i.e., r s 1 , then pj
s q d y p q 1 .divides , i s 1, . . . , d y p. That is, p divides all the elements ini
X .the first row of A s, d y p . Therefore, by Theorem 2.1, there exists a
 . X  .d y p y 1 -minor D in N a , s, d y p , which does not contain the first
row, such that p does not divide DX.
d .On the other hand, d s p q k, k - p, implies that p does not divide .p
X .Let l be the pth column of A s, d . That is,p
s q d q 1
p /
0
...
0l s ,p d" p /
0
...
0
d .  .where is in the p q 1 st row. For j s 1, . . . , d y p y 1, let l be thep pq j
X X  .jth column of D . Denote by l the column in N a , s, d which contains, asj
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 .a subcolumn, the column l for j s 1, . . . , p y 1. Then the d y 1 -minorj
D
Y formed with the columns lX , j s 1, . . . , d y 1, and the last d y 1 rowsj
 .of N a , s, d , has the form
c 0 ??? ??? 0 0 0 ??? 0¡ ¦1
) c 0 ???2
. . . .. ) . . .. . . .
. .. . 0. .
Y c 0 0 ??? 0py1D s .
d) " b ??? b1 dypy1p /
0
. X. D.¢ §
0
Y py1 d X .  .   .Thus, D s " c D q g , where g ' 0 mod p . That g ' 0 mod ppis1 i
 .is due to the fact that b , . . . , b are in the first row of N a , s, d y p ,1 dypy1
.which are equal to zero or congruent to zero modulo p. Hence we see
that p does not divide DY. Therefore, the d-minor
a ) ??? )d
0 Y
D s s a D. Y d. D. 0
0
 r .has the form D s arp ¨ t, where p does not divide ¨ or t.
Now we consider the case when d y p G p. This means that r G 2. Then
X .d y lp ) p, for l s 1, . . . , p y 1. Hence, in each block, A s, d y lp , we
s q d y lp q 1 .have the element for l s 1, . . . , p y 1, which is not divisible byp
 .  4p, since O s q d y lp q 1 s 1. Moreover, for each l g 1, . . . , p y 1 , pp
does not divide s q d y lp y j q 1 for j s 1, . . . , p y 1. Hence in each
X . 2block A s, d y j , for j s 1, . . . , p y 1, we have the column l whose firstj
element c is not divisible by p.j
If d y p2 G p2, we repeat the above process and consider successively
the cases d y pl G pl until we reach the situation where d y pr - pr. We
X i.observe that in this process we get from each block A s, d y lp , for
s q d y lp i q 1 4  4  .i g 1, . . . , r y 1 , and l g 1, . . . , p y 1 , the element , whichp
 i .is not divisible by p, since O s q d y lp q 1 s i. Moreover, for eachp
 4  4i g 1, . . . , r y 1 and each l g 1, . . . , p y 1 , p does not divide s q d y
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i  i 4  2 iy14lp y j q 1, for j g 1, . . . , p y 1 _ p, p , . . . , p . Hence we get from
X .  r 4each block A s, d y j , for j g 1, . . . , p y 1 , a column l whose firstj
element c is not divisible by p.j
X r .Now we consider the block A s, d y p , the elements in the first row
s q d y p r q 1 r .of which are the binomial coefficients for j s 1, . . . , d y p .j
These numbers are divisible by p since d y pr - pr and pr divides
d r r .rs q d q 1. Moreover, p divides , since d s p q k and k - p . Hencep
we are in the situation that we discussed above in the case when r s 1.
Therefore, using the same construction, we get a d-minor D of the form
a
D s t ,rp ¨
where p does not divide ¨ or t.
 .As in Section 2 when k was equal to zero , we have first succeeded in
obtaining a sufficient condition for the existence of minors of suitable
form. We now must tackle the problem of necessity.
THEOREM 3.3. If p is a prime such that for some r, pr s d y k, k F
w . x rd y 1 r2 , and p di¨ ides a but does not di¨ ide s q d y j q 1 for any
 4  .j g 0, 1, . . . , k , then there does not exist a d-minor D in N a , s, d of the
form
a
D s t ,rp ¨
where p does not di¨ ide ¨ or t.
 .Proof. A non-zero d-minor D of N a , s, d must contain at least one
column from
a 0 ??? 0d
0 a ??? 0dy1B a , d s . . . . . .. . . .. . . . 0
0 0 ??? a
r w . x  Now, p s d y k and k F d y 1 r2 imply that O lcm 1, . . . , d y k qp
4.  4   4.n s r for all n g 0, 1, . . . , k and O lcm 1, . . . , d y j - r for all j G kp
q 1. So a d-minor D of the form
a
D s trp ¨
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 .must contain one of the first k q 1 columns of B a , d , and cannot
 .contain any column strictly beyond the k q 1 st, since p divides a fordy j
 .all j G k q 1. Moreover, if O a s r, D may contain more than one ofp
 .the columns 1, . . . , k q 1 of B a , d , since p does not divide a for alldy j
 4j g 0, 1, . . . , k .
If D contains m of the columns among 1, . . . , k q 1, it has the form
a
X X
D s t D ,rp ¨
X X X  .where p does not divide ¨ , t , or D and D is a d y m -minor of
AX s, d 0 ??? 0 .
. X. A s, d y 1 ??? 0 ..A s, d s , . . . .. . ??? .. . . 0X0 0 ??? A s, 2 .
which does not contain m of the rows among 1, . . . , k q 1. Therefore, DX
contains the rows k q 2, . . . , d. Recall that
AX s, d .
s q d q 1 s q d q 1 s q d q 1dy2 dy1¡ ¦s q d q 1 y ??? y1 y1 .  . /  /  /2 d y 1 d
d s q ddy2y 0 ??? 0 y1 . /  /1 d y 1
ds .0 ??? 0 0 /2
. . . . .. . . . .. . . . .
ddy10 0 0 y1 0 .¢ § /d y 1
Let us suppose that pr does not divide s q d y j q 1 for any j g
 4 r0, 1, . . . , k . Then p divides s q d y l q 1, for l s k q n and some n g
 r  .4  .1, . . . , p y k q 1 . We will prove that under this condition, a d y m -
 .minor of A s, d which contains the rows k q 2, . . . , l q 1 is congruent to
zero modulo p. This is clearly the crucial fact required to prove the
theorem.
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X .If L is the first row of the block A s, d y l , it has the form
s q d y l q 1
" s q d y l q 1 ??? "L s , .  /d y l
 .  .and the l q 1 st row of A s, d is, after a permutation of columns and up
to sign,
LUlq1
d y l q l d y l q n??? ??? d y l q 1 L 0 ??? 0s . / / nl
Since d y l - pr, and pr divides s q d y l q 1, we have that
s q d y l q 1
' 0 mod p , j s 1, . . . , d y l. . /j
Moreover, since d y l q n s pr and l - pr,
d y l q j
' 0 mod p , j s n , n q 1, . . . , l. . /j
Hence the elements which may be non-zero modulo p in LU are thelq1
d y l q j U .n y 1 elements , j s 1, . . . , n y 1. So, if n s 1, L reducedj lq1
modulo p is zero, which proves the theorem in this case.
Let us suppose that n ) 1, and let L be the first row of the blockj
X . X  ..A s, d y l q n y j , that is, of the block A s, d y k q j for j s 1, . . . , n.
 .  .Then the k q j q 1 st row of A s, d is, after a permutation of columns
and up to sign,
d d y 1 d y k q j q t .U ??? ???L skq jq1  /  /  /k q j k q j y 1 t
d y k q j q 1 L 0 ??? 0 . .j
 4 r  . rSince for all j g 1, . . . , n , k q j - p , and d y k q j q j s p ,
d y k q j q t .
' 0 mod p , t s j, . . . , k q j. . /t
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 4So, for each j g 1, . . . , n , the elements which may be non-zero, modulo
p, in LU arekq jq1
d y l q n y j q td y k q j q t .a s s , t s 1, . . . , j y 1,t  / / tt
or those in L .j
 . XWe observe that a is in the t th column and t q 1 st row of A s, d yt
.l q n y j q t . Hence the elements different from zero modulo p in the
U U U Xrows L , . . . , L s L are in some column of the blocks A s,kq2 kqnq1 lq1
. X . X . Xd y l q n y 1 , A s, d y l q n y 2 , . . . , A s, d y l q 2 , A s, d y l q
.  .1 . Therefore the submatrix, N, of A s, d built with the rows k q 2, . . . , k
q n s l, l q 1, . . . , d has the form
XA s, d y l q n y 1 0 ??? 0 .
X.. A s, d y l q n y 2 ??? 0 ..Ns T ,. . .. . .. . . <
X0 0 ??? A s, d y l q 1 .
where the entries of the rows 1, . . . , n of T are congruent to zero mod-
ulo p.
X .We now look more closely at the blocks A s, d y l q t , t s 1, . . . , n y
1. Since pr divides s q d y l q 1 and d y l q t - pr, a straightforward
 .lemma Lemma 3.4 following the proof of this theorem tells us that each
X .block A s, d y l q t , for t s 1, . . . , n y 1, is congruent, modulo p to
XA s, d y l q t .
¡ ¦t ty1t y ??? y1 ? 1 0 ??? 0 . /2
y d y l q t 0 0 0 ??? 0 .
d y l q t . . .0 ??? 0 . . . / . . .2
.0 0 ??? ..
. .s .. . 0. .
d y l q tt0 ??? y1 0 ??? 0 .  /t
0 ) 0
. . .. . . ). . .
0 0 0 0¢ §
0 0 0 0 ??? )
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X .If to the jth column j s 1, . . . , t y 1, of A s, d y l q t we add its t th
jq ty1 t .  .column multiplied by y1 , we reduce it toj
d y l q t t d y l q tj jy10 ??? 0 y1 0 ??? 0 y1 0 ??? 0 .  . . /j j /  / t
 .Now for each j let us consider the t y j th column of the matrix
X .A s, d y l q t y j augmented along its top by j rows of zeroes, i.e.,
Oj=dylqtyj.
.
XA s, d y l q t y j .
This is the column:
d y l q t y jty jy1 ty j0 ??? 0 y1 ? 1 0 ??? 0 y1 0 ??? 0 .  . .^` _  /t y j
j
2 jq1.y t d y l q t .  .If we multiply this column by y1 and add it to the first,j
the first column becomes the zero column, since
d y l q t y jt d y l q tjy1 jq2d y l q ty1 q y1 s 0. .  . / /  /j j  /t t y j
X .So, in this way we reduce the columns 1, . . . , t y 1 of A s, d y l q t to
zero and therefore the matrix, N, reduced modulo p, and after column
permutation, becomes
0 ??? 0 "1 ??? 0 0 ??? 0¡ ¦
.0 ??? 0 0 ..
. . . . . .. . . . 0 . .. . . . . .
0 ??? 0 0 ??? "1
.d y l q n y 10 ??? 0 " ??? y d y l q 1 0 ??? 0 . /n y 1
) 0 ??? 0
. . .. . . ). . .¢ §
0 ??? 0
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 .So, in the n rows k q 2, . . . , k q n q 1 s l q 1, of A s, d , the elements
different from zero, modulo p, are in the n y 1 columns
0
...
0
"1
0
...
l s , j s 1, . . . , n y 1.j 0
d y l q n y j
"  /n y j
0
...
0
 4  .Let L s l , . . . , l and let D be a d y m -minor, 1 F m F k q 1, of1 ny1
 .A s, d which contains the n rows indexed by k q 2, . . . , k q n q 1 s l q 1.
Then by the Laplace expansion, we get
D s D D X X , JL J L
J
 .  .where D is the n y 1 -minor of A s, d built with the columns in L andJL
 4 < < < < Xthe rows in a set J ; 1, . . . , d , J s n y 1. Since J s n y 1, J , the
complement of J, contains at least one of the n rows among k q 2, . . . , k
q n q 1 s l q 1, and since LX does not contain any of the columns
 .  .X Xl , . . . , l , we have that D ' 0 mod p . Therefore D ' 0 mod p .1 ny1 J L
This proves our theorem.
In order to justify the congruences used in the proof above, we state and
prove the following lemma the notation used is that used in the statement
.and proof of the theorem :
r  4LEMMA 3.4. If p di¨ ides s q d y l q 1, then for each t g 1, . . . , n y 1 ,
s q d y l q 1 q t
' 1 mod p . . /t
 4Moreo¨er, for each t g 1, . . . , n y 1 ,
s q d y l q 1 q t t
' mod p . /  /j j
 4for each j g 1, . . . , t y 1 .
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Proof. We first prove that
s q d y l q 1 q t
' 1 mod p . /t
 4for each t g 1, . . . , n y 1 . If t s 1, it is clear. Suppose that
s q d y l q 1 q t y 1
' 1 mod p . . /t y 1
Then
s q d y l q 1 q t s q d y l q 1 q t y 1s /  /t t y 1
s q d y l q 1 q t y 1q . /t
But
s q d y l q 1 q t y 1 ??? s q d y l q 1 .  .s q d y l q 1 q t y 1 s . /t 1 ? 2 ??? t
Since we are assuming that pr divides s q d y l q 1, and t - pr, we have
that
s q d y l q 1 q t y 1
' 0 mod p . . /t
Hence we get our conclusion.
Now for the second statement of the lemma. We clearly have that
s q d y l q 1 q t s s q d y l q 1 q t ' t /1
 4for each t g 1, . . . , n y 1 .
 4Let us suppose that for each t g 1, . . . , n y 1 we have that
s q d y l q 1 q t t
' mod p . . /  /j y 1 j y 1
Now it is a well-known fact that for any integers t and j,
 .ty jy1 t y qt s . /j  /j y 1
qs1
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Also, it is clear that
 .ty jy1 s q d y l q 1 q t y qs q d y l q 1 q t s  /j  /j y 1
qs1
s q d y l q 1 q j y 1
q . /j
Since we know that
s q d y l q 1 q j y 1
' 0 mod p , . /j
and by induction,
s q d y l q 1 q t y q t y q
' mod p , . /  /j y 1 j y 1
we have our result.
With these results established, we can complete the proof of Theorem
3.1, using an argument very much like the one used in the discussion of the
case d s 5.
r w . x r  4We observe that if p F d q 1 r2 , then p g 1, . . . , d y k for all
w . x r w . x wk F d y 1 r2 , and p has to divide one of the d y 1 r2 q 1 s d q
. x w . x r1 r2 elements s q d y k q 1, for k s 0, 1, . . . , d y 1 r2 . Then if p
 w . x4 rdivides a , there exists k g 0, 1, . . . , d y 1 r2 such that p divides
  4.gcd a , s q d y k q 1, lcm 1, . . . , d y k . On the other hand, if
  4. r w . x rO a , lcm 1, . . . , d s r, and p ) d q 1 r2 , then p s d y k for somep
w . x r  4 rk F d y 1 r2 . Then p g 1, . . . , d y k q j , j s 0, 1, . . . , k. Hence if p
 4 r divides s q d y j q 1 for some j g 0, 1, . . . , k , then p divides g a , s q
.d y j q 1, d y j .
From this observation, from Corollary 2.9 and Theorems 3.2 and 3.3, we
 .might anticipate that the expression for d a , s, d s arh would look like
w . xdy1 r2a 1
d a , s, d s . 
g a , s q d q 1, d g a , s q d y k q 1, d y k .  .ks1
a
s .
h
  4. r wBut, let p be a prime such that O a , lcm 1, . . . , d s r and p ) d yp
. x r1 r2 such as that considered above, and suppose that p divides s q d y
r  .k q 1. Then, as we saw, p divides g a , s q d y k q 1, d y k . If for some
X X   4. X rXr , with 1 F r - r, we have that O lcm 1, . . . , k s r , then p s l F kp
r  .and p divides s q d y k q l q 1. In addition, O s q d y k q l q 1 sp
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X  . w . x rX  4r and since d y k y l ) d q 1 r2 and p g 1, . . . , k with k F
w . x rX   .4  d y 1 r2 , we have that p g 1, . . . , d y k y l . So O g a , s q d yp
 .  ... X rqrXk y l q 1, d y k y l s r . Hence p divides h.
 .But we know, by Corollary 2.5, that O h F r. This means that we mustp
introduce a correction factor, and this correction factor is precisely
 4gcd a , s q d y k q 1, lcm 1, . . . , k s g a , s q d y k q 1, k , . .
  .. Xsince O g a , s q d y k q 1, k s r . As a result we see that the formulap
w . xdy1 r2a g a , s q d y k q 1, k .
d a , s, d s . 
g a , s q d q 1, d g a , s q d y k q 1, d y k .  .ks1
stated in Theorem 3.1 is correct.
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